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ABSTRACT 
We present computations of the structure and evolution of models of the disk component of galaxies. The 
models display the qualitative characteristics and the statistically dominant trends observed in late-type spirals. 
The radial distributions of neutral hydrogen, of H n regions, and of colors are well reproduced. We find com-
position gradients across the faces of disk models. Using the observed supernova rates in spirals, these models 
place fairly severe constraints upon the progenitors of supernova. If azimuthally averaged, high-resolution 
observations of neutral hydrogen will provide interesting quantitative tests of models of this type. 
Equations governing the structure and evolution of our models of the disk components are discussed in 
detail, as are the uncertainties in input physics and astronomy. 
Subject headings: galactic structure - stellar dynamics - stellar evolution 
I. INTRODUCTION 
A theoretical description of the evolution of a 
galaxy requires the specification of initial conditions 
for the various constituents, prescriptions for star 
formation and the ejecta from stars, and a scheme for 
following the properties of the system in time and 
space. Early investigations of this problem (Salpeter 
1955, 1959; Schmidt 1959, 1963; Limber 1960; 
Tinsley 1968, 1972; Truran and Cameron 1971; Talbot 
and Arnett 1971, 1973a, b) considered the case of an 
initial mixture of gas (or gas plus stars) contained in a 
single fixed volume with constant total mass density. 
-This simplification, which we shall call the one-zone 
model, allows formulation of the problem with time 
as a single independent variable. 
Various degrees of agreement have been found 
between those models and observations of the integral 
properties of galaxies; however, no detailed theoretical 
investigation of the observed spatial variations in 
galaxies is possible within this context. Schmidt (1959) 
discussed the approximate behavior of the gas density 
and other properties as a function of distance from 
the Galactic center. In particular, he used the observed 
fact that gas-density variations with radius are small 
(in contrast to the large variation of the total density) 
to argue against the stellar birthrate being propor-
tional to only the first power of the gas density. 
Current observational efforts on several fronts are 
making available many detailed data on spatial varia-
tions in galaxies, which should provide the basis for 
much more significant constraints on models. 
This paper presents the temporal and spatial struc-
ture and evolution of highly flattened model galaxies. 
We are not here attempting to construct models of 
specific classes of galaxies. Many of the approxima-
tions and uncertainties of the one-zone models are 
551 
still with us. Specifically, the stellar birth and death 
processes are not well understood, and the initial 
conditions for galaxies are not known. We assume that 
cylindrical shells of a galaxy each evolve independently 
of the rest; this allows an evolutionary model to be 
built from a superposition of a set of one-zone calcula-
tions. For this paper we have adopted a simplified 
model of the mass distribution in flattened galaxies. 
The prescriptions applied to these simple models may 
easily be generalized to specific mass distributions for 
specific galaxies. Our simplifying assumptions in this 
paper preclude an accurate consideration of processes 
which occur during an initial collapse phase such as 
discussed by Eggen, Lynden-Bell, and Sandage (1962) 
and by Larson (1974). 
For our models of disk galaxies we present the 
radial variation of dependent variables. One and only 
one independent variable is changed with radius-
the total mass per unit area at r, a(r). With respect to 
the radial coordinate we do not vary assumptions about 
stellar evolution or the initial mass function of star 
formation (IMF), nor do we posit any arbitrary mass 
flow in or out of portions of the system. No parameters 
are adjusted to achieve the radial variation in mass-to-
light ratios, colors, compositions, supernova rates, 
or surface mass density of gas. To produce a sequence 
of models which display many of the qualitative 
features of flat disk galaxies, we vary only the central 
surface mass density of the disk. 
We do not emphasize the discussion in the previous 
paragraph because the simple models presented here 
are satisfactory representations of real disk galaxies 
in all respects; they are incomplete. We emphasize the 
variation of the single parameter with radius because 
the prior discussion of the radial variation of the mass-
to-light ratio by Quirk and Tinsley (1973) and Tinsley 
(1973) employed ad hoc assumptions about the varia-
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tion of the lower mass limit to the IMF. This param-
eter was varied as required to fit the observations. 
Our point is that we are varying only one quantity, and 
it is a quantity which is independently known and one 
whose value is probably controlled by initial condi-
tions at the time the galaxy formed. The variation 
must be included in any model before one can say 
for certain that a constant initial mass function is 
inadequate. Furthermore, the physics of the support 
of the disk against its gravitational field governs the 
properties of the gas which in turn governs the rate 
of star formation and perhaps the form of the initial 
mass function. It is necessary to have models of such 
disks before one can ascertain the proper physical 
prescription for a variable initial mass function if it 
should be evident that a constant IMF is inadequate. 
In order to fit any specific disk galaxy one may 
employ our basic model and fit the observations of 
that galaxy by (1) employing a mass distribution which 
gives the observed rotation curve and (2) prescribing 
the physics of star formation to achieve the proper 
mass-to-light ratio, colors, and compositions at each 
radius. The latter may include varying the IMF and/or 
mass flow. 
Section II discusses the construction of our simplified 
model of a highly flattened galaxy. Section III contains 
the prescription for applying the one-zone results to 
this model. Section IV gives some results obtained with 
several prescriptions for the rate of star formation. 
Section V presents detailed results for one of the 
prescriptions. The radial variations of quantities are 
displayed and the integrated properties of the models 
are discussed; there is a brief discussion of the com-
parison between observations and the models. Section 
VI discusses the relationship between our model disk 
galaxies and real galaxies, pointing out the directions 
for future improvements in the models and those 
aspects of our results which are insensitive to the 
details of the current model. 
II. THE STANDARD FLATTENED EXPONENTIAL 
GALAXY (SFEG) MODEL 
Our purpose in this paper is to discuss the evolu-
tionary behavior of general, highly-flattened model 
galaxies. Consequently it will be expedient to employ 
a simple, but fairly realistic, model for the distribution 
of surface mass density a over the face of the disk of 
flattened galaxies. We adopt the exponential form 
a(r) = a0 exp ( -r/R), (1) 
where r is the radial distance from the axis of rotation 
and a0 and R are the two parameters which give a 
two-parameter family of models. This choice was based 
upon the observed exponential variation of the surface 
brightness of disk galaxies (e.g., de Vaucouleurs 1959; 
Freeman 1970) and the arguments by Nordsieck 
(1973a, b) that the mass-to-light ratio is constant in 
disks. The observational argument for an exponential 
mass distribution is not strong, and there is no justi-
fication for using it to extrapolate to large r. For our 
goal of making model galaxies we find equation (1) 
to be a satisfactory and convenient method of present-
ing general results while simultaneously having an 
approximately correct form. If we were to construct 
models of specific galaxies, a(r) would be determined 
by fitting observed rotation curves. 
Although for many real spiral galaxies the flattened-
disk approximation breaks down in the central bulge 
region, for our purposes in this paper the central 
bulge may be represented by a surface mass density 
higher than that given by equation (1): i.e., a bulge (B) 
corresponds to a(O) = a8 > a0 • 
For the disk described by equation (1), the total 
mass is .An = 2TTR2a 0 where we append the subscript 
D to distinguish this from the total mass of galaxy 
which, in general, would include the bulge mass .A8 • 
For a system with a single fluid, the well-known 
plane-parallel solution for the volume density p is 
(Spitzer 1942; Ledoux 1951; Vandervoort 1970a) 
p(z) = p' sech2 (z/W), (2) 
where p' is the total mass density at z = 0 and 
W = v(2TTGp')- 112 ; (3) 
v is the effective one-dimensional velocity dispersion 
(assumed independent of z) such that the fluid pressure 
p = pv2, and the effective thickness is 
2W = a/p'. (4) 
The term "effective velocity" is used to allow for the 
gas to be supported in part by magnetic-field and 
cosmic-ray pressure, giving an effective gas pressure 
greater than the pressure arising from actual mass 
motion (cf. Kellman 1972). 
If there is more than one fluid species (e.g., different 
types of stars or interstellar gas) each with its own 
velocity dispersion v12, then the plane-parallel system 
satisfies 
(5) 
so that 
P1(z) = Pi(O) exp {v1 - 2 [</>(z) .'... </>(O)]}, (6) 
and the gravitational potential .p is computed from 
a2.p 
dz2 = -4TTG L P;(z). 
t 
(7) 
By expansion about z = 0 (and employing the 
symmetry about z = 0) one obtains 
</>(z) - </>(O) 
= -(2TTGp')z2{ 1 - z2 [ TT~~ p~~~)] + ... } ' (8) 
where 
p' = L p;(O). (9) 
I 
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Therefore, the profile of the density near z = O is 
represented by 
Pi(z) :::: Pi(O) exp [ -(z/ W;)2], (10) 
where 
W; = V1(27TGp')- 112 ' (11) 
in analogy with equation (3). 
It is clear that an expression for p1(z) can be obtained 
which is more precise than equation (10); however, 
for our purposes this approximation will be quite 
adequate. If equation (10) were precise, the effective 
thickness for species i would be 
a;fp1(0) = 7T112 W; (12) 
which is (7T/4)112 = 0.886 times the effective thickness 
ifthere were only a single species (eq. [4]). The higher-
order terms in equation (8) will increase the effective 
thickness slightly, which tends to compensate for this. 
To a good approximation (a few percent error) we 
may always use 2 W1 for the effective thickness. 
. We will need to evaluate the average value of p;'" 
mtegr_ated ov~r z. For this the approximation of 
equat10n (10) is eminently well suited, giving 
f'' p/"(z)dz ~ [pi(O)]IC(7T/K)112W; (13) 
or 
(14) 
All of these expressions have been developed for the 
plane-parallel case where physical quantities are 
independent of r. Vandervoort (l 970a, b) has developed 
an ext~nsion of this kind of analysis by expansions in 
!he rat10 W/R where R is the characteristic scale-length 
m the r coordinate. Our expressions contain only terms 
corresponding to his zeroth-order terms for the density 
p and first-order term for the potential cf>. Conse-
quently, our approximations are restricted to "highly 
flattened galaxies," which means that the models 
contain o~ly the !eadi~g . terms in an expansion in 
W/R. _Ty~1cally this rat10 1s about 0.1; hence, typical 
quantitative errors introduced by our use of plane-
parallel. rel~ti~nships will be of order 10 percent or 
less. This will m no way affect the qualitative features 
which are the prime purpose of the simplified models 
developed here. 
Finally, we collect some expressions useful when the 
set a1 and v1 are given; we use 2 W1 for the effective 
thickness always: 
v'(r) = [27TGp'(r)]112 = 7TG 2: a/r)[vJ(r)]-1, (15) 
i 
W;(r) = v1(r)/v'(r), (16) 
P1(r, 0) = a1(r)[2W;(r)]-1, 
<P11C) ~ K- 112[p;(r, 0)]7e, 
p1(r, z) ~ p1(r, 0) exp { -[z/W;(r)]2}, 
p1(r, z) = p1(r, z)v12(r). 
(17) 
(18) 
(19) 
(20) 
The frequency v' is related to the frequency of the 
oscillations of stars in the z-direction, w2 , by w2 = 
2112v'. 
Ill. METHOD OF CALCULATING EVOLUTIONARY BEHAVIOR 
Our fundamental assumptions about galactic 
structure are that the surface mass density a is a func-
tion only of the distance from the axis of symmetry r 
and that there is no mass flow in the r-direction. A 
direct consequence of this assumption is that material 
in an annular cylinder of radius r may be considered 
to evolve as an independent system, and therefore we 
may employ the results of one-zone computations, 
e.g., Talbot and Arnett (1971, 1973a, b; hereafter 
called TA71, TA73a, and TA73b). 
Briefly, TA71 discussed the evolution ofa unit mass 
of material .A from interstellar gas into stars and 
subsequent ejection of a portion of that material back 
into the interstellar gas. The basic dependent variables 
are the set {.Ai. i = 1, imax}, where .A1 is the portion of 
this unit mass in the form of interstellar gas of nuclear 
species i. The mass of the gas is .fi9 = 21 .A1, where the 
sum is from i = 1 to imax· 
The total rate of conversion of gaseous mass into 
stars is given by a rate v which is defined by 
ug I = - v.A. = !!l(t) . dt * g - , (21) 
the mass in a generation of stars is distributed among 
stars of mass m (in solar units) by prescribing an 
initial mass function (IMF) ifm· The form which we 
adopt is described in the Appendix. 
The return of material (unprocessed and processed) 
to the interstellar medium is controlled by the lifetime 
Tm of stars of mass m and the fraction of the mass of 
the star which is returned to the gas in the form of 
species i, Rm;· The values employed for Tm and Rm1 are 
the standard stellar evolution case discussed in TA 73a 
and updated in Talbot and Arnett (1974; hereafter 
TA74). In the present version of the computer code 
Rm1 is allowed to be a function of the composition from 
which the star formed, however 7' m is independent of 
the initial composition. Uncertainties in Rm1 (see 
TA74) produce uncertainties in the production of 
heavy elements. This may produce a systematic shift 
of abundances up or down, but it will not alter the 
form of the computed distributions. See the Appendix 
also. 
In general one may compute the dispersion velocity 
of the interstellar gas by solving an equation of the 
form 
~ (p9V9,turb 2) = (turbulent velocity input by 
supernovae, OB stars, ... ) 
- (turbulent velocity dissipation by 
cloud-cloud collisions .... ) (22) 
and similar equations for the thermal velocity, 
magnetic field pressure, etc. The theory of the energy 
balance of the interstellar gas is currently uncertain, 
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and consequently it is not yet clear how to ascribe 
definite terms to the right-hand side of equation (22). 
The qualitative nature of the energy generation and 
dissipation may be described by a schematic version of 
equation (22) for the effective gas dispersion Vg 2 = 
Vg,turb2 + Vg,ther 2 + · • · : 
dv 2 
_g - vV2 - v 8/W. - vV2 - v'v 2 dt - g g- g (23) 
where t V2 is the characteristic energy per unit mass 
imparted to the gas by young stars. We have assumed 
that the rate of generation of turbulence is propor-
tional to the rate of star formation, and the dissipation 
process may be described by cloud-cloud collisions 
acting with a mean free path of Wg. 
Equation (23) achieves equilibrium in a time of 
l/v' which is the time for passage through the plane 
or the free-fall time. The equilibrium effective velocity 
is 
(24) 
In a more thorough treatment one must consider the 
following problem: If the turbulent gas motions 
Vg,turb become supersonic, i.e., Vg,turb > Vg,ther• there 
will be enhanced dissipation. Also the equation for 
the thermal energy in the gas contains radiative terms 
which are very efficient for T ~ 104 K. The upshot is 
that an attempt to raise Vg,turb above about Vg,ther = 
9.l(T/104) 1'2 km s-1 will be met by enhanced dissipa-
tion and Twill not rise much above 104 K. The effective 
turbulent velocity Vg may obtain a value as high as 
about x112Vg,ther• where x is the number of modes for 
energy equipartitioning; e.g., turbulent, thermal, 
magnetic field, and cosmic rays together may yield 
x ~ 4 and so a maximum effective velocity of 
(vg)max = c ~ 2 x 9.1 = 18.2 km s-1 . 
By supersonic we will always mean gas velocities 
large relative to the H n thermal speed c. 
As a rough qualitative statement we write 
(25) 
a) A Power-Law Model for the Birthrate of Stars 
In order to develop simple analytic expressions and 
discuss a widely used parametrization, we follow 
Schmidt (1959) and investigate the following pre-
scription for the rate of formation of stars: 
dpgl = -Cp IC 
dt * g ' (26) 
where C and Kare constants. We emphasize that this 
parametrization assumes that C and K are truly basic 
physical constants, independent of time, position, or 
other physical quantities. 
The surface density a is a given function of r, and 
we assume that the z-distribution of the gas may be 
represented by equation (19). Integration of equation 
(26) over z yields 
dagl (Ji' * = -vag, (27) 
where 
(28) 
v(r) is in general a function of time also. In general the 
relationship between pg(r, 0) and a9 involves the 
velocity v9 which in turn depends upon v (eqs. [16], 
[17], [25], and [28]). We find 
v = {CK-112[ag(v')a12/2V)!C-1}21cu1> if v2v/v' < c2. 
(29) 
= CK- 1' 2(a9v'/2c)IC-l if V 2v/v' ~ c2 • 
(30) 
If we adopt the simplifying assumption that v9 = c 
always (the isothermal approximation), then the 
equations simplify greatly and v may be put in the 
following form: 
v(r) = v0 [a(r)ag{r)/a0 2]1C-l, (31) 
where 0 denotes the values appropriate for the solar 
neighborhood of our Galaxy. Since v0 is a constant, 
it is equal to v(r0 , t = O); v(r0 , t) varies with time t, 
however. An alternative way to write equation (27) 
is in terms of the mass fraction in the form of gas 
~ = ag/a; then 
d~ I = -v0[a(r)]2(1C-l) ~IC. (32) 
dt * U0 
This form is directly equivalent to the simplified one-
zone calculations discussed in TA71, where the rate 
constant v is now a function of the surface mass 
density a(r). Use of equation (31) simply replaces the 
adjustable parameter C ( eq. [26]) by another adjustable 
parameter v0. 
In the supersonic limit, because v9 = v* = c always, 
it might appear that Wg would also be constant. This 
would be so if star formation occurs in the same pro-
portion to p at all z. However, if K > 1, then star 
formation occurs preferentially at the plane z = 0 and 
the gas is preferentially depleted there. Because the 
gas does not feel the "star pressure," p*v*2, the gas 
will redistribute itself as a Gaussian by filling the gas 
void at z = 0. As this process continues, the total 
mass density at the plane, p', builds up and W9 oc (p')- 112 decreases. 
If the gas is subsonic, the gas turbulent velocity Vg 
and equivalent thickness Wg vary with time, and this 
makes a computation of v' (eq. [15]) difficult. How-
ever, to a first approximation v' oc a(r) because once 
an appreciable fraction of the mass is locked up in 
stars, the stars will dominate the sum in equation (15). 
Consequently, 
v(r) ~ v0[a3(r)ag2{r)/a05]<1C-l)/(1C+l> (33) 
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a: I* = -v0[u(r)/u0]5Cic'-l)/2~ic· (34) 
where K' = (3K - l)/(K + 1). So the subsonic case is 
almost identical to the sonic case (2.5 in the exponent 
of u/u0 instead of 2), subject to a reinterpretation of 
the meaning of the exponent of~. This is a specific 
example of the effect discussed by Talbot (1971), to 
wit, the power K in the prescription of equation (26) 
may not be directly found by observations without 
first considering the details of the effects of young stars 
upon the structure of the gaseous disk. 
b) The MESF Model for the Rate of 
Star Formation 
By itself the standard power-law prescription for the 
rate of star formation is not adequate to explain the 
observed distribution of heavy elements among stars 
(van den Bergh 1962; Schmidt 1963; TA73b). The 
explanation for this distribution which was discussed 
by TA 13b was to assume that stars form more readily 
in regions of the interstellar gas with higher than aver-
age metal abundance (metal-enhanced star formation, 
or MESF). Talbot (1974) has presented a physical 
model for the star formation process in which it is 
argued that the rate of star formation in a unit mass 
of gas, v, should be of the form 
v = voE, (35) 
where To = v 0 - 1 is the characteristic dynamic time 
scale for the system and E is the "efficiency of star 
formation," i.e., the fraction of the gas which forms 
stars during one dynamic time scale. Talbot (1974) 
discussed a specific formulation for E in terms of the 
physical properties of the gas (density, pressure, 
chemical abundances, and heating and ionization 
mechanisms). The time scale To is not necessarily 
defined by local quantities. For the disk models 
considered in this paper, the appropriate time scale is 
most probably the mean time between bursts of star 
formation triggered by the passage of spiral density 
waves, so we would write 
v0(r) ~ m[il(r) - Qp]/211 (36) 
where m is the number of arms, il(r) is the angular 
velocity of material in circular orbits at r, and OP is 
the pattern speed (independent of r). If the angular 
velocities n are expressed in units of km s - 1 kpc- 1 and 
v0 is expressed in units of aeon - 1 = (109 yr)-1, then 
(37) 
For the Galaxy in the neighborhood of the Sun, we 
adopt m = 2, 0(0) = 25 km s- 1 kpc- 1, and OP= 
13.5 km s- 1 kpc- 1 (Shu 1970) and find v0(0) ~ 
3.7 aeon- 1 • This agrees well with v0(0) ~ 5 aeon- 1 
obtained by a similar argument by Talbot (1974). 
The factors which determine the pattern speed ill' 
are not clear. It is treated as a parameter in discussions 
of fitting observations with the density wave theory. 
In general il(r) decreases with increasing r; Freeman 
(1970) gives mathematical expressions and a graph for 
the exponential disk, and over the range of r which is 
of interest n varies by about a factor of 10. It turns 
out, however, that in the formulation by Talbot (1974) 
the expression for E is proportional to an exponential 
function of v. The upshot is that when equation (35) 
is solved for v, the solution depends upon v0 only 
through a logarithmic term. We will simplify the 
remaining discussion by leaving v0 fixed at 5 aeon - 1 ; 
this will allow use of models which may be directly 
compared with the model of Talbot (1974) for the solar 
neighborhood. Computations with v0 factors of IO 
larger and smaller alter the results of this paper by less 
than 30 percent. 
Just as with the problem of ascertaining Vg2, the 
status of the theory of the heating and ionization of 
the interstellar gas is uncertain (cf. Dalgarno and 
McCray 1972; Silk 1973; Gerola, Kafatos, and 
McCray 1974). This means it is not practical to devise 
an elaborate model for the MESF process. We adopt 
the simplified MESF model developed by Talbot 
(1974) and write 
E = exp [(Z0 - Zc)/~] if Zc ~ Z0 , (38) 
= 1 if Zc < Zo, 
where the parameter Ll is the dispersion in the heavy-
element abundance in the interstellar gas, Z0 is defined 
by 
(39) 
and (Zg) is the mass-weighted mean abundance of 
heavy elements in the gas. The latter comes from the 
nucleosynthesis computation; it is not free. The 
quantity Zc is the "critical" Z for the thermal insta-
bility to occur; Zc is given by 
(40) 
where 'H is the primary ionization rate of hydrogen 
and pg/k is the gas pressure at the center of the plane 
in units of cm - 3 K. The exact details of this model 
(e.g., the precise figure 1018 in eq. [40] and the exact 
proportionality to 'H) were based upon a cosmic-ray 
heating model for the interstellar gas. The qualitative 
features hold for any steady-state heating model, and 
a similar behavior may hold on the average for time-
dependent models. 
We assume that the primary ionization rate of 
hydrogen is proportional to either the number of 
massive stars or to their death rate. In either case, we 
may write 'H = Kv, where K is a constant which can 
be derived from models of the interaction of massive 
stars with the interstellar gas. We also assume that the 
gas pressure at the center of the plane is 
pg= pg{O)vg2 = !ugVgv'. (41a) 
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In the supersonic case 
pg = }:rrGu2(ug/u) (41b) 
since all v1 = c at all times. 
The subsonic case is more complex since v' depends 
in part upon the stellar velocity dispersion v* which 
is frozen at values fixed when the stars form, and in 
part upon vu which is changing. In general, for the 
subsonic case 
, 2 Ug [Vg Ug (1 Vg)] P = ""-1TGa - - + - - - · 
g 2 a v* u v* 
(41c) 
Initially, when ug ~ a and v* ~ Vu (because the stars 
which have just formed from the gas retain the gas 
dispersion), equations (41 b) and (41c) give identical 
results. Later when uu « u, equation (41c) gives Pu 
lower than the supersonic case by a factor vg/v* = 
Wg/W*. 
These considerations allow rewriting equation ( 40) 
as 
Z = 2 x 1018 K kZ0 v , 
c 1TGu<Pug (42) 
where <P = 1 if equation ( 41 b) applies, or <P equals 
the square bracket in equation (41c) if that equation 
applies. 
c) Solar Neighborhood Calibration 
It is natural to employ the solar neighborhood of 
our Galaxy as a calibration point, for it is the galactic-
scale region about which we know the most. For this 
we need ug( 0 ), u( 0 ), Wg( 0 ), and the present age of 
the Galaxy, T. 
For the gas parameters we adopt the results of 
Falgarone and Lequeux (1973). They give numbers 
which imply uH 1(0) = 4.6 M 0 pc- 2 and uH u(0) = 
0.54 M 0 pc- 2 ; cloud and intercloud column densities 
each contribute about 50 percent of uH 1(0). Accord-
ing to Spitzer et al. (1973), f = n(H2)/n(H) varies 
from less than 10- 5 along the line of sight for un-
reddened stars to values ranging from 0.082 to 0.67 
for reddened stars. The average of the well-determined 
f's for reddened stars is 0.375. We adopt f = 0 for 
intercloud material and adopt f = 0 and f = 0.67 as 
lower and upper limits for cloud material. Using a 
"cosmic" abundance of hydrogen of XH = 0.7, we 
obtain 7.4 ::;;; ag{0) ::;;; 11.7 M 0 pc- 2 • 
The total surface mass density in the solar neigh-
borhood, u( 0 ), is uncertain owing to the uncertainties 
attendant with the "missing mass" (Oort 1960, 1965). 
Estimates range from about 80 M 0 pc- 2 for analyses 
based upon the z-distribution of stars (Oort 1965) to 
values greater than 122 M 0 pc- 2 for some dynamic 
models of the Galaxy (Schmidt 1965; Innanen 1973). 
Bearing in mind the 20 percent uncertainties in both 
au(0) and u(0), we have decided to adopt the follow-
ing as our standard reference values: uu(0) = 
10 M 0 pc- 2 , u(0) = 100 M 0 pc- 2 , and aH 1(0) = 
0.46 uu(0) = 4.6 M 0 pc- 2 • Owing to ignorance of the 
physics which controls the ratio of neutral atomic 
hydrogen to total hydrogen, we assume uH 1 = 0.46uu· 
Without doubt this introduces significant systematic 
errors in the identification of uu from the models and 
uH 1 from observations. 
The value adopted for v0 is that value for which the 
model gives ag/u = 0.1 for the solar neighborhood 
when the time t = T and where Tis defined to be the 
age of the Galaxy as determined by nucleo-cosmo-
chronology computations (cf. TA 73b or Schramm 
1974). 
Radioactive chronologies give approximate limits 
of 6 x 109 ::;;; T::;;; 15 x 109 years (Schramm 1974). 
Typical models give 13 ± 3 x 109 years (e.g., TA73b 
and Talbot 1974). We choose T = 13 x 109 years as 
our canonical age for the Galaxy and, by assumption, 
other nearby galaxies. The precise value of T is 
actually unimportant for this paper since the results 
depend upon T almost solely through the product 
v0 T. A change in the value for Twill cause the required 
v0 to be changed in an inverse manner. Whether or 
not all galaxies are indeed about the same age will not 
be discussed here. 
i) The Power-Law Birthrate 
In the power-law model for the rate of star forma-
tion there are two adjustable parameters, v0 and K. 
The precise value for v0 depends upon the adopted 
value of K as well as upon the details of the initial mass 
function and the adopted value for T. For the param-
eters we have adopted, we find 
v0 = 0.21 aeon- 1 if K = 1 
= 0.43 aeon- 1 if K = 1.5 
= 0.92 aeon- 1 if K = 2. 
These were obtained with the supersonic model, 
equation (32). Owing to the approximation leading to 
equation (34), the subsonic case gives almost identical 
results provided the exponent K is reinterpreted as K 1 • 
They were obtained with an IMF with ' = 0.25 (cf. 
Appendix). 
There are no compelling physical arguments which 
may be used to derive these numbers from first 
principles, and we regard them as simply empirical 
parameters which can be related to C in equation (26) 
if one has a mind to do so. For example, C ~ 0.21 
aeon- 1 if K = 1, and C ~ 2.8 pc3 M0 - 1 aeon- 1 if 
K = 2. 
ii) The MESF Birthrate 
As presented in the preceding section, the birthrate 
of stars, v, has the following parameters: v0 , A, K, and 
either V or c depending upon which of the two equa-
tions (4lb, c) is applicable. None of these parameters 
are actually adjustable parameters at our disposal; 
in principle they are all determined by the physics of 
the interstellar gas. This physics is not sufficiently well 
understood at present to determine these parameters 
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with precision. For this paper we adopt the following: 
1) The rate v0 is fixed at the constant value v0 = 
5 aeon - 1• E(v) is such a strong function of v that the 
results are almost independent of v0• 
2) The abundance dispersion A may be calculated 
from a theory of how regions enriched by supernova 
ejecta are mixed with the interstellar gas. TA73b and 
Talbot (1974) discussed this briefly, but at present it is 
necessary to treat A as an adjustable parameter. For 
the solar neighborhood, the computed distribution of 
Z over old stars was matched with the observed; and 
Talbot (1974), using Z 0 = 1.7 x 10- 2 , found A = 
2.3 x 10-a. It is not clear how A should vary with 
conditions in the gas-increased supernova rates 
(v > v0 ) will enhance the composition inhomo-
geneities through an increase in the source density, but 
the large supernova rate will enhance the turbulence 
which will diffusively smooth out composition in-
homogeneities. At present we fix A at the constant 
value found for the solar neighborhood. 
3) The quantity K is obtained from its definition 
'H = Kv and by equating ionization power per unit 
volume with the ionizing power available from stars 
in the unit volume: 
so that 
K = (µmHf E~ {'" iftm(Emfm)dm, (44) 
whereµ = p9/(mHnH) is the mean atomic weight of the 
gas, EH is the ionization potential of hydrogen 
(13.5 eV), and Em is the net energy which a star of mass 
m contributes toward ionizing the hydrogen gas. Note 
that Em includes all contributions (e.g., cosmic rays, 
X-rays, etc.) and not just the available ultraviolet 
photons from, say, OB stars. 
There is no simple clear way to compute Kowing to 
uncertainties over what fraction of the total energy 
output of a star ends up contributing to the ionization 
of the interstellar hydrogen. This fraction may depend 
upon the properties of the interstellar gas itself. 
As an order-of-magnitude estimate for K (called 
K0), we evaluated equation ( 44) by setting Em equal 
to the total energy radiated by a star of mass m while 
on the main sequence and integrating over the mass 
interval of 4-60 M0 • Adopting iftm = 0.25(µ. - l)m_,, 
(cf. TA73a) and µ = 1.43 (XH = 0.7), we find K0 = 
(6.1, 5.7, 4.3) x 103 forµ, = (1.3, 1.55, 1.8). 
In practice we treat K as a free parameter for fitting 
observations in the solar neighborhood. We rewrite 
equation (42), expressing a in units of M 0 pc- 2 and 
v in units of aeon - 1 : 
(45) 
This expression for Z 0 is used with equations (35) and 
(38) to compute v; v is a function of <Z9), the mean 
heavy-element abundance in the gas. Using this, we 
find that to fit the distribution of metal abundance in 
stars in the solar neighborhood we require K/<I> ::::: 
1.1 x 104 with an uncertainty of about a factor of 2. 
Part of the uncertainty is the 20 percent uncertainty in 
both a and a9 , part is the uncertainty in how to treat 
the variation of <I> with time, and the remainder is the 
uncertainty in fitting the distribution of Z in stars 
owing to the uncertainties in the observations. For 
the present conditions in the solar neighborhood, 
W9 ~ 165 pc (Falgarone and Lequeux 1973), and most 
of the visible mass is contained in dwarf K and M stars 
with W* ~ 420 pc (assuming a Gaussian distribution 
and using data from Blaauw 1965). Consequently, the 
local conditions suggest that at the present time 
<I>~ v9/v* ~ W9/W* ~ 0.4, which means that we 
require K ~ 4.4 x 103, again with an uncertainty of 
a factor of 2. This is the value of K required by the 
MESF model. With Weistrop's (1972) M dwarfs, W* 
is reduced such that <I> may be about 1.0. In this case, 
the requirement is K ~ 1.1 x 104 • The agreement 
between the required K and the computed K0 is quite 
adequate considering the large uncertainties in both. 
For the purpose of doing the survey computations 
in this paper, we adopt Z0 = 1.7 x 10-2 and K/<I> = 
1.1 x 104 ; therefore, 
Zc(r) = 1.77 x 10- 2 [ :c;)]2[ :g~;)] v ; (46) 
we are assuming K/ <I> is rigorously constant. This form 
is equivalent to the model discussed by Talbot (1974), 
with the parameters defined in that paper taking the 
values n = 1, A = 0.2p, and ,\ = 7.7 aeon, where 
p = 1.0 x 10-2 is the yield of heavy elements. 
In order to compare our computed value for K with 
other estimates of the heating and ionization of the 
interstellar medium, we note that if the star formation 
rate v is expressed in units of aeon - 1, then the primary 
ionization rate of hydrogen 'H is 3.17 x 10-17 v Ks - 1 • 
Typical values for v and K for solar neighborhood 
models are 0.14 aeon- 1 and 5 x 103 ; these give 
'H ::::: 2 x 10-14 s -i, a value consistent with that 
required by the observational data and with that 
obtained by a more careful analysis of the ionizing 
sources (see Silk 1973). For example, through a detailed 
consideration of the available ultraviolet photons from 
observed OB stars outside of H II regions, Torres-
Peimbert, Lazcano-Araujo, and Peimbert (1974) 
obtain nH'H = 1.3 x 10- 14 s - 1 cm - 3 in the plane of 
the Galaxy. With nH ~ 0.5 cm- 3, this means 'H ~ 
2.6 x 10-14 s- 1 • 
IV. RESULTS FOR THE FOUR STELLAR 
BIRTHRATE PRESCRIPTIONS 
The preceding section prescribes how variables in 
the one-zone evolutionary models depend upon the 
total surface density a(r). We have adopted a constant 
initial mass function, and we hold constant various 
uncertain factors such as the parameter A which 
describes the chemical inhomogeneity of the inter-
stellar gas. Consequently, the models presented here 
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for the evolution of disk galaxies depend only upon 
a(r) (and upon the time t, of course). 
Figure 1 shows some of the results of our computa-
tions at the fixed time t = T = 13 aeons. The abscissa 
is logarithmic in the surface density a. If a galaxy is 
well represented by an exponential disk (eq. [1]), then 
the abscissa is linear in the radius r = R In (a0/a); 
radius increases from left to right. For a given model 
galaxy the origin of the radial coordinate in figure 1 is 
determined by the central surface density a0 • For 
example, if the central surface density were a0 = 
403 M 0 pc- 2, the origin of the model would be at the 
point ln a = 6, the point of the abscissa labeled 5 
corresponds to r = R, etc. Results are shown for four 
models of the birthrate of stars: two with the power 
law with K = 3/2 and 2, and two with the MESF 
model using <I> = 1 (the supersonic case where Vg = c 
always) and <I> ex: Vg oc (vv')112 (the subsonic case). The 
power-law model can represent the subsonic or super-
sonic case depending upon how K is interpreted. 
The quantities shown as functions of a are the 
surface density of gas ag, the combined abundance 
(by mass) of carbon and oxygen, the ratio of the 
nitrogen abundance XN to the carbon-plus-oxygen 
abundance, the surface density of the rate of formation 
of stars fJ = vag (fJ is the amount of mass converted 
into stars per square parsec per 109 years), and the 
surface mass-to-light ratio a/AB (in units of M 0 /LB0 , 
where LB0 denotes the luminosity of the Sun as 
measured through the B system; we adopt for the 
sun MboI = 4.75 and MB = 5.48 [Allen 1973]). 
The surface luminosity has been computed in each 
of the UBV color bands by using a prescription for the 
luminosity Lbol and effective temperature T. for in-
dividual stars as a function of their age and integrating 
the luminosities over the initial mass function (IMF) 
and the history of star formation at each spatial point. 
The prescription for Lbor and T. and the conversion to 
UBV was essentially identical with that employed by 
Tinsley (1968, 1973). 
The a/ AB curve in figure 1 can be moved up or down 
at will by changing the lower end of the IMF. The 
shape, however, is independent of such changes unless 
one postulates that the IMF varies with a. The same 
constant IMF is used for all of these computations 
(cf. Appendix). 
The general features of the variation of quantities 
with radius r is clear, and these features will reproduce 
in models with other functions for a(r ). Stated in 
terms of a(r ), these results are independent of the 
radius scale height R and the form of the function 
a(r ). Moving from the low-surface-density exterior 
of a disk galaxy, ag increases to a peak of 10-20 M 0 
pc - 2• Based upon conditions in the solar neighborhood, 
we suggest that the observed HI surface density aH x 
is of the order of0.46 ag, so the peak in aH xis 4-9 M 0 
pc- 2 • The predicted peak value depends upon the 
evolutionary model. The peak occurs where a(r) ~ 
30-50 M 0 pc- 2 • Interior to the peak, a9 decreases to 
a value a9 (central) ~ 2.4-6 M 0 pc- 2 • If the ratio 
aH xfag is a constant, then aH x (central) ~ 1.1-2.8 M 0 
pc- 2• The precise central value of aH x depends upon 
whether this ratio is constant, upon the galactic 
evolution model, and upon the value of a in the center. 
The value of ag becomes approximately independent 
of r for ad: 3 x 102 M 0 pc-2 • 
Note that a peak in fJ occurs [with fJ(peak) ~ 
1.0-1.5 M 0 pc- 2 aeon- 1] just inside the peak in a9 • 
Near the point at which a9 becomes flat, fJ reaches a 
minimum and then increases with decreasing r. The 
star formation rate again reaches the value {J(peak) if 
ad: 103 M 0 pc- 2 • It is important to note that fJ varies 
even though ag{r) is approximately uniform. The 
reason is that the volume density of the gas p9 in-
creases because the effective thickness W9 decreases 
for large values of a (cf. eqs. [15] and [16]). This 
behavior shows that in general the star formation 
rate per unit area is not related to the surface density 
of gas in a simple power-law fashion even if the star 
formation rate per unit volume is given by a formula 
like equation (26). This phenomenon will affect the 
results of analyses undertaken to determine K, e.g., 
the work of Sanduleak (1969) and Hartwick (1971) 
(cf. Talbot 1971). Madore, vandenBergh,andRogstad 
(1974) have observational evidence for this effect in 
M33. 
The primary heavy-element abundance Xco rises with 
decreasing radius until it reaches a peak at a point 
inside the radius at which fJ peaks. There is a slight 
decrease in X00 further in toward higher a. The ab-
solute level of the abundance of carbon plus oxygen 
is proportional to the yield Pco which is a weighted 
integral over stellar mass of the mass fractions ejected 
as carbon and oxygen (see TA73a and TA74 for 
definitions and a discussion of uncertainty in p 00). The 
value for the heavy-element yield is uncertain, and this 
means that the X00 curves perhaps should be trans-
lated up or down. The shape of the curve is independent 
of this uncertainty (unless, of course, the IMF varies 
with a). 
The abundances were computed with yields of 
Pco = 6.7 x 10-3 and qN,co/q00,H = 7.2 (see TA73a, b, 
TA74, and Appendix). 
One might expect to find the greatest surface density 
of H II regions at the radius where fJ attains its peak 
value. At this radius the curves predict abundances 
of the primary heavy elements which are approximately 
a factor of 1.5 to 4 less than the highest abundances. 
Note that the ratio XN/ X00 is closely proportional to 
X00 over the entire range. This verifies the validity and 
usefulness of the analytic approximation for secondary 
species which was discussed in TA73a. The models 
thus predict gradients in the ratio N/O as well as O/H. 
In the MESF model the composition gradient in the 
young stars (labeled y) is not quite as steep as that in 
the gas as a whole (g). It is not entirely clear, however, 
which value should be observed in H II regions, since 
that excited gas initially may have been part of the gas 
participating in star formation. In that case the hot 
emission regions would display a composition closer 
to y than to g. 
One of the striking aspects of figure 1 is the quali-
tative similarity in the solutions for the different 
models. To distinguish between them by observations 
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will require rather detailed information. Considerable 
care must be taken when making comparisons between 
these models and observational data which include 
variations of properties with the azimuthal coordinate. 
Our models represent approximations to azimuthal 
averages. Furthermore, our assumptions of no radial 
flow and negligible spheroidal components are likely 
to be too restrictive to allow critical comparisons with 
observational data. For example, gas ejected by dying 
stars of a spheroidal component may move radially 
inward. 
In view of these considerations, in this paper we will 
not attempt to use observational data to distinguish 
between specific models for the stellar birthrate. 
Instead, we will discuss in some detail the MESF 
model with <I> = l, and we will emphasize the quali-
tative and systematic features of that model. It is 
evident from figure 1 that the other models will have 
essentially identical features, with only minor quanti-
tative differences. In table 1 we give numerical values 
for several quantities of interest so that the reader 
may compare models quantitatively. In place of f3 
we list a quantity more closely related to observation 
analysis: 
'TJ(mL) = 103/3f"' 'P'mm- 1dm, (47) 
mL 
which is the number of stars with m :?: mL formed per 
kpc2 in 106 years. For the IMF we have adopted (see 
Appendix) 
V. OUR STANDARD FLATTENED EXPONENTIAL 
GALAXY WITH METAL-ENHANCED STAR FORMATION 
a) Radial Distributions and Integral Properties 
Figure 2 shows the results for the MESF model with 
<I> = 1. In addition to some of the variables displayed 
in figure 1, we show the mean heavy-element abun-
dance in all stars, the B surface luminosity, and the 
colors. 
Again we point out that the heavy-element abun-
dance in the gas reaches a maximum just inside the 
radius at which ag attains its peak value. This also is 
about the place where the colors change sharply and 
f1 peaks. The mean heavy-element abundance inte-
grated over all stars of all ages is denoted (Z./Z0 ). 
This is always lower than Zy/Z0 which is the heavy-
element abundance in young stars. 
Figure 3 shows the differential distribution function 
N(Z.)dZ. which is the fraction of stars with abundance 
between z. and z. + dZ8 • N(Z.) is shown for three 
selected values of a. 
The distribution N for the condition in the solar 
neighborhood of our Galaxy (a~ 100 M 0 pc- 2) 
agrees well with observations because the 6. parameter 
in the MSF model has been chosen to do that (Talbot 
1974). For low values of a there is a concentration of 
stars with Z about equal to the value at 13 x 109 
years. On the other hand, for large a the N(Z.) distri-
bution is bimodal. There is a concentration at low 
values of z. owing to the very rapid initial star forma-
tion, and then a peak at z. ~ l.4Z0 which represents 
the value of z. at 13 x 109 years. There is a concentra-
tion of stars at this last value because z. is held 
approximately constant by the semiequilibrium pro-
cess discussed by TA71. These points are made 
clearer by a study of figure 4 which shows the time 
development of Zy, the mean heavy-element abun-
dance of stars formed at time t, and ~ = ag/a. 
Figure 2 shows the blue photoelectric surface 
luminosity AB expressed in units of LB0 pc- 2 and as 
µB in units of mag arcsec - 2• The colors stated are 
computed from 
B - V = 2.5 log Av/ AB + (B - V)0 , 
and a similar expression for U - B. For reference, in 
figure 2b we indicate the surface brightness of the 
night sky µB(S) and the surface brightnesses which 
have been used to define galaxy diameters in various 
studies: µa(D) = 24.5 is the average isophote which 
defines the diameter of late-type galaxies in the 
Reference Catalogue of Bright Galaxies; µB(Dm) = 26.6 
is the average isophote at which Holmberg (1958) 
tabulated Dm, the so-called Holmberg diameter of 
galaxies; and µB(Dm) = 27.5 is the average isophote 
at the detection threshold on microphotometer trac-
ings of the Mount Stromlo plates and defines DM, a 
"maximum" detectable diameter-all of these average 
isophotes and definitions of diameters were taken from 
Heidemann, Heidemann, and de Vaucouleurs (1972). 
In Holmberg's notation Dm = a and the isophote was 
defined atµ ~ 26.5 mag (pg) arcsec- 2• 
In order to illustrate the properties of disk galaxies 
generated by our model, we will discuss a sequence 
constructed with an exponential distribution of surface 
mass density a. The sequence is parametrized by the 
central surface density a0 , and the radial variation is 
displayed in units of R (thee-folding scale height) and 
r max which is the position of the maximum of the 
rotation curve (for a pure exponential disk, rmax = 
2.15R; a spheroidal component would change this). 
In the notation of Freeman (1970), R = a- 1 • 
For the exponential mass distribution, the velocity 
at the maximum of the rotation curve is 
Vmax = 0.623 (G.H/R)112 
= 3.24(a0R)1' 2 kms- 1 
= 2.21 (aormax)112 km s- 1 ' (48) 
where in the latter two expressions a0 is given in 
M 0 pc- 2 and Rand rmax are in kpc. 
The two observational parameters V max and r max 
are sufficient to determine two quantities in a theoretical 
model. We have chosen a simple, two-parameter mass 
distribution, a(r) = a0 exp (-r/R). A more general 
class of mass distributions with the same two param-
eters would be a(r) = a0g(r/R), where g is a universal 
dimensionless function of r/R. Observations of real 
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(J (J 
Gas 
MESF ~ = l 
1. 0 (1) 9.16 
2 .a Cll 1.53(1) 
3.0(1) 1. 86 (1) 
4.0 (1) 1. 96 (1) 
5.0(1) 1.89(1) 
7. 0 (1) 1.53(1) 
1.0 (2) 1.00(1) 
2.0(2) 3.64 
3.0 (2) 2.82 
4. 0 (2) 2.67 
s. 0 (2) 2.64 
7. 0 (2) 2.58 
1. 0 (3) 2.51 
2.0(3) 2.42 
PWR LAW K = 3/2 
7.0 5.19 
1. 0 (1) 6.61 
2.0(1) 9.44 
3.0 (1) 1. 07 (1) 
4. 0 (1) 1.11(1) 
5. 0 (1) 1.11(1) 
7. 0 (1) 1. 08 (1) 
1. 0 (2) 1. 00 (1) 
2.0 (2) 7.86 
3. 0 (2) 6. 72 
4.0(2) 6.08 
5. 0 (2) 5.75 
7.0(2) 5.43 
1.0 (3) 5.35 
2.0(3) 5.76 
A U-B B-V 
B 
s. 81 (-1) -0.220 0.428 
2.88 -0.199 0.452 
6.24 -C.176 0.478 
1. 00 (1) -0.152 0.503 
1.35(1) -0.124 0.531 
1.86(1) -0.053 0.598 
2 .16 (1) 0. 077 0.704 
2.61(1) 0.413 0.899 
3.50(1) 0.518 0.947 
4 .52 (1) 0.553 0.962 
5 .41 (1) 0.548 0.953 
7.10(1) 0.527 0.926 
1. 01 (2) 0.541 0.929 
2 .09 (2) 0.576 0.948 
1.13 -0.202 0.449 
2.00 -0.190 0.462 
5.21 -0.153 0.502 
8.21 -a .118 0.537 
1.08(1) -0.084 0.570 
1.31(1) -0.053 0.599 
1.68(1) 0.005 0.648 
2.10(1) 0.077 0.703 
3.22(1) 0.252 0.819 
4. 23 (1) 0.349 0.870 
5. 26 (ll 0 .413 0.901 
6. 26 (1) 0.447 0.914 
8. 35 (1) 0.492 0.932 
1.15(2) 0.524 0.943 
2 .23 (2) 0.564 0.957 
Table l 
Properties of One Zone Models with Varying Surface Density 
Bol 11 (6} x x (J (J A U-B 
Corr co N Gas B 
MESF ~ = v/c 
1. 231 0.87 3.26(-3) 2.72(-5} 1. 0 (1) 9.59 2.89(-1) -0.223 
1.199 4.16 5.89 (-3) 1.29(-4) 2 .a <1> 1.67(1) 2.10 -0.202 
1.165 8.57 6.54(-3) 2.25 (-4) 3.0(1) 2 .OS (1) 5.08 -0.170 
1.131 13.05 6.68 (-3) 2.68(-4) 4.0(1) 2 .16 (1) 8.63 -0.144 
1.094 16.68 7.11(-3) 3.16(-4) s. 0 (1) 2 .08 (1) 1. 20 (1) -0.111 
1.006 19.65 8.64(-3) 4.66(-4) 7.0(1) 1. 62 (1) 1.65(1) -0.020 
0.872 16.86 1.16 (-2) 8.18(-4) 1.0 (2) 1. 00 (1) 1. 83 (1) 0.155 
0.657 7.44 1. 76 (-2) 1.97(-3) 2.0(2) 4. 72 2. 39 (1) 0.474 
0.630 6.54 1. 72 (-2) 2.05(-3) 3.0 (2) 4.32 3.41(1) 0.556 
0.622 7.24 1.61(-2) 1.82(-3) 4. 0 (2) 4.36 4.02(1) 0.500 
0.606 8.31 1.54 (-2) 1.64 (-3) 5.0(2) 4.33 4. 89 (1) 0.502 
0.562 10.60 1.48 (-2) 1.46(-3) 7.0(2) 4.30 7 .20 (1) 0.533 
0.546 14.03 1.45 (-2) 1.36(-3) 1.0 (3) 4.25 1.05(2) 0.558 
0.548 25.60 1.43 (-2) 1.28(-3) 2 .0(3) 4.22 2 .13 (2) 0.579 
PWRLAWK=2 
1.202 1.64 2.00(-3) 1.37 (-5) 7.0 6.67 2.33(-1} -0.224 
1.185 2.82 2.78(-3) 2.65(-5) 1.0 (l} 9.09 6.25(-1} -0.218 
1.132 6.80 5.05(-3} 9.04(-5) 2 .o (1) 1. 43 (1) 3.30 -0.188 
1.085 9.97 6.98(-3) 1.75(-4) 3 .o (1) 1. 59 (1) 6.69 -0.146 
1.044 12 .26 8.64(-3) 2.73(-4) 4. 0 (1) 1.57(1) 9.50 -0.098 
1.007 13.85 1.01(-2} 3.78(-4) s. 0 (1) 1.47(1) 1.16(1) -0.049 
0.946 15.68 1.25 (-2) 5.96(-4) 7. 0 (1) 1.25(1) 1.43(1) 0.043 
0.875 16.74 1.51(-2) 9.19(-4) 1. 0 (2) 1.00(1) 1. 72 (1) 0.162 
0.751 16.35 1.97(-2) 1.77(-3) 2.0 (2) 6.34 2.61(1) 0.383 
o.694 15.81 2 .14 (-2) 2.28(-3) 3 .a (2l 5.10 3. 63 (1) 0.478 
0.667 15.76 2.17(-2) 2.54 (-3) 4. 0 (2) 4.56 4. 74 (1) 0.529 
0.647 16.13 2.14(-2) 2.64(-3) 5. 0 (2) 4.23 5.92 (1) 0.563 
0.627 17.58 2.03(-2) 2.59 (-3) 7. 0 (2) 3.91 8. 40 (1) 0.608 
0.609 20.56 1.86(-2) 2.34(-3) 1. 0 (3) 3.69 1.23(2) 0.648 
0.590 32.50 1.61(-2) 1.73(-3) 2. 0 (3) 3.46 2 .56 (2) 0.699 
B-V Bol Tl (6) x x 
Corr co N 
0.424 1.236 0.44 1.95(-3) 8.40(-6) 
0.449 1.203 3.03 5.05(-3) 8.15(-5) 
0.484 1.156 6.91 6.75(-3) 2.05 (-4) 
0.512 1.121 11. 08 6.74(-3) 2.61(-4) 
0.545 1.077 14.40 7.14(-3) 3.10(-4) 
0.627 0.969 16.20 8.83(-3) 4. 73 (-4) 
0.759 0.809 11.88 1.22 (-2) 8.78(-4) 
0.927 0.643 5.54 1.73(-2) 1.87 (-3) 
0.970 0.643 5.83 1.66(-2) 1.90(-3) 
0.916 0,575 7.04 1.57(-2) 1.72(-3) 
0.909 0.551 8.12 1.53(-2) 1.62 (-3) 
0.925 0.547 10.60 1.51(-2) 1.50 (-3) 
0.939 0.549 14.15 1.49(-2) 1.42(-3) 
0.950 0.550 26.10 1.46(-2) 1.31(-3) 
0.423 1.237 0.35 3.19(-4) 3.43(-7) 
0.430 1.228 0.94 6.36 (-4) 1.37(-6} 
0.465 1.182 4.65 2.25(-3) 1.74(-5) 
0.510 1.123 8.64 4.29(-3) 6.53(-5) 
0.558 1.061 11.13 6.39(-3) 1.47(-4) 
0.603 1.005 12.25 8.37(-3) 2 .57 (-4) 
0.680 0.911 12.41 1.18 (-2) 5.30 (-4) 
0.763 0.815 11.35 1.53(-2) 9.63(-4) 
0.884 0.678 9.06 2.00(-2) 1.99(-3) 
0.926 0.635 8.83 2.01(-2) 2.33 (-3) 
0.949 0.619 9.35 1.91(-2) 2.30(-3) 
0.967 0.616 10.15 1.81(-2) 2.16 (-3) 
0.991 0.619 12.15 1.67(-2) 1.87(-3) 
1.016 0.631 15.39 1.58(-2) 1.61(-3) 
1. 048 0.651 27.08 1.50 (-2) 1.38(-3) 
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MESF 4> =I 
T = 13 x I09 yr 
galaxies suggest that an even more complex function is 
required which may require more than two parameters. 
It appears that a general picture for the mass distribu-
tion in galaxies involves the superposition of a 
spheroidal component and a disk component. Our 
models refer only to the disk component. We note that 
if the strength of the spheroidal component increases 
with the disk parameter a 0 , a two-parameter family 
might be preserved. 
Fm. 3.-Differential distribution of heavy-element abun-
dance over stars at three surface mass densities for the MESF 
model with <I> = 1. 
Tables 2 and 3 and figure 5a display the properties 
of model disk galaxies generated by a sequence in a 0 • 
All properties are shown in a fashion independent of 
the radius scale R. In table 2 the rows contain respec-
tively: the ratios of H I mass to total mass, total mass 
to blue light (solar units), and HI mass to blue light. 
These are followed by ratios of various radii to R, the 
radius scale: the radius at which the surface brightness 
is 26.6 mag arcsec- 2 (Holmberg radius), rh = 0.5Dm; 
radial position of the peak of the neutral hydrogen 
ring rring; radial position of the peak in the areal 
density of young stars r Y; and the radius containing 
one-half the neutral hydrogen HI r H l' Also given is a 
TABLE 2 
PROPERTIES OF EXPONENTIAL DISKS WITH MESF, <I> = 1 
O'o Me pc- 2 50 100 200 700 2000 
J(H l/J. · · · · · 0.40 0.33 0.24 0.11 0.052 
,,((/.!i's . ....... Me/Lse 12.6 7.4 6.1 6.5 7.6 
,,((H x/ .!i's· · • • · · Me/Lse 5.1 3.4 1.5 0.72 0.40 
rh/R ......... Holmberg radius 1.3 1.9 2.6 3.8 4.9 
rr1ng/R ....... HI ring 0.24 1.0 1.7 3.0 4.1 
r,,/R ...••.•.• Young stars 0.0 0.30 0.99 2.2 3.2 
I'H1/R •.•.... 0.5 of HI 1.9 2.2 2.6 3.7 4.5 
a ............ r ring/ Aring 0.10 0.43 0.74 1.3 1.7 
<As> ........ Lse pc- 2 5.9 7.9 10 15 22 
/J.S•• •. • •. • • • • mag arcmin - 2 16.2 15.9 15.6 15.2 14.8 (B - V). .... 0.47 0.52 0.60 0.73 0.82 
(U- B) ..... -0.18 -0.13 -0.05 0.11 0.27 
O'H l(max) ..... Me pc- 2 9.0 9.0 9.0 9.0 9.0 
(O'H l)h • • • • • • • ,,{(H l/ 1Tr h 2 24 17 14 10 8.3 
(O'H l>0.5• ..... 0.5,,/(H l/1TI'H 12 5.7 7.3 7.4 6.3 5.2 
Jf-'(6)/.!i's . .... (1010Lse)-1 (102 yr)-1 1.42 1.30 1.10 0.75 0.52 
TABLE 3 
RADIAL VARIATION OF INTEGRAL PROPERTIES OF EXPONENTIAL DISKS WITH MESF, <I> = 1 
Me pc- 2 
O'o 50 100 200 700 2000 
J(r)/.!i's(r): 
r/rmax = 0.01 ..... 3.7 4.6 7.6 9.9 9.6 
r/rmax = 1. ....... 8.4 5.0 4.4 7.0 9.3 
r/rmax = 2 ........ 11.7 6.9 5.6 6.0 7.4 
r/rmax = oo ....... 12.6 7.4 6.1 6.5 7.6 
JH 1(r)/J(r): 
r/rmax = 0.01 ..... 0.18 0.05 0.01 2(-3) 6(-4) 
r/rmax = 1. ....... 0.36 0.26 0.14 0.02 2(-3) 
r/rmax = 2 ........ 0.40 0.32 0.22 0.08 0.02 
r/rmax = 00, •.•••. 0.40 0.33 0.24 0.11 0.05 (B - V)(r): 
r/rmax = 0.01 ..... 0.53 0.70 0.90 0.93 0.95 
r/rmax = 1. ....... 0.46 0.51 0.60 0.85 0.94 
r/rmax = 2 ........ 0.46 0.51 0.58 0.73 0.84 
r/rmax = oo ....... 0.46 0.51 0.58 0.73 0.82 
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Fm. 4.-Time development of the heavy-element abun-
dance in newly formed young stars (Zy) and the mass fraction 
remaining in the form of gas (u9 /u); results for three surface 
mass densities are shown for the MESF model with <)) = 1. 
convenient parameter for labeling these models, 
a= Yr1ng/Arlng, where Aring is the width of the HI 
ring (tot maximum) which is constant in these models 
at Aring = 2.4 R. We give the mean surface density of 
luminosity <Aa) = .!l!8/7Trh2, the mean surface bright-
ness µ 8 in units of mag arcmin - 2, and the mean colors 
for the disks. For the neutral hydrogen surface densities 
three characteristic quantities are shown: uH 1(max) is 
the maximum with respect to radius of the H 1 surface 
density obtained by an azimuthal average, < uH 1)h = 
..ltH r/7T7h2, and (uH r>o.5 = 0.5..ltH r/7TrH r2• The quan-
tity .n"(6) is the integral over the disk of "7(6) which we 
discussed in § IV; the ratio .n"( 6)/ .!1!8 is related to 
observational data on supernova rates; it is the number 
of stars born with mass greater than 6 M 0 per 1010 L 80 
in 102 yr. 
Table 3 shows the radial variation of three interest-
ing quantities: the integrated-mass to integrated-light 
ratio ..lt(r)/.!1!8 (r), the integrated-hydrogen-mass to 
integrated-total-mass ratio ..It H 1(r)f..lt(r), and the 
integrated color (B - V)(r ). The integrated mass is 
defined by 
..lt(r) = S: u(r')27Tr'dr' 
and other quantities analogously. The ratios are shown 
as a function of r/rmax where Ymax = 2.15 R is the 
turnover point in the rotation curve. Very few galaxies 
have their rotation curves well studied beyond r/rmax ~ 
1; consequently, fair comparisons between observa-
tions and models can be made only for carefully defined 
limits of integration. 
The integrated mass-to-light ratios for the models 
vary only slightly over the interval B - V ~ 0.46 to 
0.95. The absolute level of these values of ..It/.!!! may be 
altered by changing the prescription for the lower end 
of the IMF (cf. Appendix). The displayed variation is 
due to the effects of a varying extent of depletion of gas 
into stars and different limits of integration. 
This variation in ..It/ .fl! occurs with a constant IMF. 
If close comparisons show discrepancies between 
observations and these models (with appropriate 
spherical components added and suitable expressions 
for u(r) fitted to observed rotation curves), then and 
only then may one argue for the need to have a 
variable IMF. 
Figure 5b shows the surface density distributions of 
neutral hydrogen observed by 21-cm surveys and 
numbers of H II regions. The data were derived from 
the following references: M33: Carranza et al. ( 1968), 
Huchtmeier (1973), and Rogstad and Shostak (1972). 
MlOl: Allen, Goss, and van Woerden (1973), Hodge 
(1969), and Rogstad and Shostak (1972). M31: Guibert 
(1974) and Rubin and Ford (1970). M81: Connolly, 
Mantarakis, and Thompson (1972), and Rots and 
Shane (1974). 
Rogstad and Shostak (1972) give similar curves for 
three other Scd galaxies which, together with these, 
display a high degree of homogeneity in their intrinsic 
properties. Those galaxies all have distributions of H 1 
which are fitted by our exponential model with a ~ 0.1 
to 0.5. The colors of our models are well within the 
distribution of colors for Scd galaxies (de Vaucouleurs 
and de Vaucouleurs 1972). 
The observed H I and H n distributions in late type 
galaxies display qualitative features which agree well 
with the models. The agreement is remarkably good 
when one considers that the models are obtained by 
extrapolating from a solar neighborhood model with 
no free parameters in the extrapolation except u0 • The 
primary discrepancy is that the models have uH 1(max) ~ 
9 M 0 pc- 2 throughout the sequence whereas there 
appears to be a trend for uH 1(max) to decrease as a 
increases. There are several possible causes for this 
deficiency in the models; at this time we do not know 
which is the more important, so we just list them. 
(1) As indicated by the morphological types, the 
galaxies with more prominent spheroidal components 
have lower uH 1(max). Since the total mass density is 
larger than that contained in the disk component 
alone, the gravitational compression of the disk will 
be larger than it would be for a pure disk. This 
will produce a higher rate of star formation which will 
cause the gas to be consumed more than for a disk 
alone. (2) On the average, more massive galaxies 
rotate faster and will have larger values for v0 • If v0 
is larger for earlier types, it might account for the 
variation; however, as noted before, the models are 
not strongly sensitive to v0 • (3) The spheroidal com-
ponent may influence the radial flow of gas; we have 
assumed no radial flow. Material ejected from stars in 
the spheroidal component will tend to have low angular 
momentum about the rotation axis of the galaxy; upon 
coalescence with the gas in the disk, the angular 
momentum of the gaseous disk will decrease and hence 
there will be an inward flow (Biermann 1974). This 
will cause uH 1(max) to be lower than our current 
models predict. On the other hand, mass outflow by 
© American Astronomical Society • Provided by the NASA Astrophysics Data System 
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Fro. 5a.-A sequence of exponential disk models with increasing cr0 and increasing a = rring/!lring· The radial distribution is shown for the surface density of HI (under the assumption that "H 1/cr9 = 0.46 is constant), the heavy-element abundance in newly formed young stars (Z.), and the rate of consumption of mass by the 
formation of stars (]3). The latter is expected to be related to (though perhaps not simply proportional to) the surface density of H II regions. 
FIG. 5b.-The observed surface densities of HI (21-cm emission) and H II regions (number per unit area). For H II regions the units are arbitrary and not necessarily 
the same for the four galaxies. 
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explosions in galactic nuclei could have the opposite 
effect. (4) The fraction of hydrogen which is visible 
by 21-cm techniques is controlled by uncertain factors. 
We have assumed a constant value aH 1/ag = 0.46; 
this is based upon estimates for the solar neighbor-
hood. All 21-cm work (to date at least) has given only 
lower limits owing to the difficulty in correcting for 
large optical depths. Furthermore, we have assumed 
that the relative fractions of the hydrogen in the forms 
HI, H n, and H2 are invariant; it is likely that this 
introduces considerable uncertainty in the ratio 
aH 1/ag. We regard point (4) as the most significant 
of those problems. 
Figure 6 shows the position of our models (integrals 
from a = a0 to a = 0) in the color-color plane together 
with mean observed colors from de Vaucouleurs and 
de Vaucouleurs (1972). The observed colors form a 
wide band. In addition, for a given Hubble type the 
colors span a considerable distance along the line 
representing the means; this is illustrated by the ovals 
outlining the distribution of points for Sa and Sc 
galaxies. Since these exploratory calculations use 
simplified models, our goal is to represent statistically 
dominant trends. The models easily represent the 
mean colors by choosing µ 2 = 1.35 in the IMF. 
The trends for the variations of color with distance 
from the center are consistent with those reported by 
de Vaucouleurs and de Vaucouleurs (1972), and de 
Vaucouleurs (1961). In the latter reference all galaxies 
except Sm and Im were found to get bluer as they 
were integrated outward. In the 1972 reference, types 
-0.4 ~~~--...---,.--.---.---,---.--.----, 
---/ ' 
/ ' 
-0.2 
I 'v Sc 
1, \ ~')/ 
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\ 100', 
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Fm. 6.-The color-color plane distribution of galaxies. The 
large dots are the integrated colors of disk models developed 
in this paper; they are labeled with the central surface mass 
density a0 in M 0 pc- 2 • The two curves are from de Vaucouleurs 
and de Vaucouleurs (1972) and illustrate the colors before and 
after corrections for aperture and ellipticity effects. The two 
ovals denote the areas occupied by most of the Sc and 
SO/a,a,ab galaxies. 
Sd, Sdm, and Sm were grouped together and stated 
to be bluer for larger aperture; no statement is made 
for type Im. Comparisons with the above references 
suggest that the following rough comparisons may be 
made: Types Sa/Sb have color aperture relations similar 
to our a0 = 2000 Me pc- 2 model; She similar to 
a0 ~ 200 Me pc- 2, Sc similar to a0 :::: 100 Me pc- 2 • Sd 
through Im are not clear, but they may correspond to 
a0 :::: 50 Me pc- 2 where colors are fairly uniform. 
The problem with attempting these correlations is that 
individual galaxies may deviate strongly from these 
relationships. This is partly due to the overall looseness 
of the correlation between morphological type and 
color-see§ V c. 
There are only a few available data on the com-
position gradients in external galaxies, and the inter-
pretations of the data are still somewhat uncertain 
(Searle 1971; Smith 1973, 1974; Shields 1974). Our 
models with a 0 :::: 100-200 Me pc- 2 have abundance 
gradients which are in the general range estimated for 
the galaxies MlOl and M33-type Scd. The available 
data do not allow many detailed comparisons, but 
Smith's (1974) results suggest that some of the N 
production is primary. He estimates that the oxygen to 
hydrogen ratio in MlOl drops by about a factor of 
5 between 10 kpc and 23 kpc. Our model with ao :::: 
100-200 Me pc- 2 and R:::: 8 kpc gives factors of 
about 3 to 7. These models give approximately correct 
distributions of HI and H II (fig. 5) and central colors 
of B - V:::: 0.7-0.9, U - B:::: 0.15-0.47. According 
to de Vaucouleurs (1961), the central colors of MlOl 
are B - V:::: 0.75, U - B:::: 0.21. This is only an 
isolated example of the potential of fitting models to 
specific galaxies. While encouraging, detailed fits will 
have to wait for more complete models with spherical 
components and mass distributions based upon 
individual rotation curves. 
Tammann (1974) gives supernova rates per unit 
luminosity for Sb and Sc galaxies to be 0.69 ± 0.31 
and 1.43 ± 0.27; our units here are SN(l010 Le)- 1 
(100 yr)- 1 • Taking the mean colors of Sb and Sc 
galaxies from de Vaucouleurs and de Vaucouleurs 
(1972) and interpolating in our models, we find rates 
of 0.87 and 1.34 for Sb and Sc, respectively. This 
assumes that all stars more massive than 6 Me become 
supernovae. If we take instead the interval 4-8 Me for 
supernova progenitors, we find rates which are only 
5 percent larger than the stated numbers. Taking the 
interval 8 Me to infinity, the rates are smaller by 
31 percent. Stars above 25 Me contribute less than 
10 percent to the rate, although they may contribute 
half of the nucleosynthesis. These results are similar 
to those of Arnett and Tinsley (1974), who discuss the 
supernova progenitor problem in some detail, and 
Larson and Tinsley (1974). 
b) The Manifold of Galaxies 
Figure 5a and the integral properties given in table 2 
show that all intrinsic properties of the models 
depend upon a0 only. By intrinsic properties we mean 
those independent of the length scale R, e.g., luminosity 
© American Astronomical Society • Provided by the NASA Astrophysics Data System 
19
75
Ap
J.
..
19
7.
.5
51
T
No. 3, 1975 EVOLUTION OF DISK GALAXIES 567 
per unit area <AB) = .PB/wrh2, where .PB is the total 
blue luminosity of the model and the rh is the radius 
at the isophote employed by Holmberg, /LB ~ 26.6 mag 
arcsec- 2 • Both .PB and rh2 are proportional to R2, so 
<AB) is independent of R. 
Quantities which scale with R will be called ex-
trinsic quantities; e.g., .PB oc R2 , and rma.x oc R. 
Brosche (1973) has argued that the manifold of 
properties of galaxies can be expressed in terms of two 
independent parameters, and he found that two 
appropriate variables appear to be r max and V max· He 
used this to argue that the manifold of galaxies is 
produced primarily through the variation in masses 
.A and total angular momentum &'. 
Our models show that the primary significant 
feature is how .A and &J (and any other factors of 
importance) work together to produce the surface 
mass distribution a(r ). If the distribution is param-
etrized by two parameters only, then the intrinsic 
properties will depend primarily upon only the density 
scale factor a0 and the extrinsic properties will scale 
with R. 
For the exponential disks we find the relationships 
shown in table 4 for the gradients of .PB, color, rh, and 
.AH 1/.A. We give the logarithmic gradients with 
respect to a0 and R, and with respect to the two 
principal axes determined by Brosche, g1 and g2· For 
this we first transformed our results to the ( V max. 
rmax)-plane, and then to Brosche's (g1, g2)-plane using 
his relationship between the latter two coordinate 
systems. For the gradient in (gi. g2)-space, we give 
the components of the unit vector [denoted by 
(11xi. 1Jx2)] and the magnitude of the gradient vector, 
N. We list both the gradients given by our model 
(t) and those determined by Brosche (o). Furthermore, 
to compare the theoretical with the observed, we give 
both the ratio of the magnitudes of the gradients, 
NtfN0 , and the angle between the two vectors, Oat· 
Note that in making our comparisons with Brosche's 
analysis, the morphological type of a galaxy never 
enters. 
We have not explicitly shown the gradient for f = 
.A/.PB, but it is easily computed from the gradient for 
log .PB and log .A = log a0 + 2 log R + constant. 
The formal result is 8(logf)/8(log a 0) = -0.17, 
8(1og/)/8(log R) = 0. This, however, has little signif-
icance in view of the nonmonotonic behavior for 
.A/.PB exhibited in table 2. Examination shows that 
.A/.PB values are roughly constant while observed 
values for .A and .PB each vary by many orders of 
magnitude. Consequently, the gradient vector for 
.A/.PB is the difference between two almost equal 
vectors. Small errors in either become prominent when 
the difference is taken. This effect is compounded by 
the fact that the masses used are generally extrapola-
tions based upon measurements out to only a little 
beyond r max· The results then vary depending upon 
the extrapolation procedure used. 
The data from which Brosche finds correlations 
possess large variances, and the level of statistical 
significance of those correlations is not clear. Con-
sequently, at this time we do not place great weight 
upon the close agreement between our model and the 
observations, especially since we know that the models 
are at best only schematic representations of the mass 
distribution in actual disk galaxies. Nevertheless, this 
extremely good fit occurs naturally and with no 
adjustable parameters, so we feel encouraged to 
pursue the correlations with more realistic models 
containing spherical components and a's derived from 
rotation curves. More observational studies would be 
useful also. 
c) The Morphological Type of a Galaxy 
The one very prominent property of fiat disk galaxies 
which we have not discussed in detail is the Hubble 
type classification or the Yerkes classification system. 
The Hubble morphological classification depends upon 
the openness of spiral arms and the strength of the 
central spheroidal component. To discuss morpho-
logical type theoretically requires that spheroidal 
components and spiral wave theory be incorporated 
with our disk models. Eventually this will be done. 
For the moment we note that although there is a 
statistically significant correlation between the Hubble 
type and, e.g., the color of a galaxy, the correlation 
possesses a large amount of scatter (e.g., fig. 6). Taking 
the average positions of morphological types in the 
color-color diagram, it would appear that the Hubble 
sequence might be explained as a sequence in a0 • This 
is attractive until one plots the entire population of 
individual galaxies of, say, type Sb in this figure-they 
span the entire locus from B - V ~ 0.45 to 0.8, or 
a0 ~ 50 to 2000 M 0 pc- 2 (see figs. I and 2 of de 
Vaucouleurs and de Vaucouleurs 1972). 
This lack of a unique correlation between individual 
types and the parameter a0 which controls intrinsic 
TABLE4 
GRADIENTS IN THE MANIFOLD OF GALAXIES 
MESF EXPONENTIAL DISK BROSCHE (1973) 
x 8x/8 Iog u0 f!x/8 Iog R 'l)xl 'l)x2 Ni 'IJxl 'l)x2 N. Ni/N. 801 
logZ ........ 1.17 2.0 -0.89 0.46 0.55 -0.98 0.19 0.45 1.2 16° 
c ........... -0.89 -0.46 ~·~~} 0.8 -21 (B- V) ..... 0.218 0 -0.66 -0.75 0.10 
logr,. ........ 0.36 1 -0.66 0.75 0.27 -0.74 0.70 0.22 1.2 5 
log .A'H l/.A' ... -0.62 0 0.66 0.75 0.29 0.67 0.74 0.43 0.67 -1 
1.0 ± 0.3 0° ± 16° 
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properties suggests that the type may be governed in 
part by the parameter R or it may be affected by factors 
external to our disk model. Clearly the spheroidal 
component is significant insofar as it is one criterion 
in the classification scheme. The openness of the spiral 
arms may be governed by the relative sizes of the 
spherical and disk components. There may also be 
significant factors external to the whole galaxy, e.g., 
the tidal effects of passing companion galaxies. 
In summary, we believe that morphological type is 
not governed solely by the properties of the disk, in 
spite of the fact that it is about the most outstanding 
feature of the disk when viewed photographically or 
by maps of 21-cm radiation. 
VI. DISCUSSION 
Close comparison between observations of individual 
galaxies and the predictions of the models presented in 
this paper are confused by several simplifications in the 
theoretical models and several inadequacies in the 
available observational data: 
I. Our models do not include a spherical com-
ponent. 
2. The assumed exponential probably does not 
adequately represent the distribution of mass in the 
disk component. 
3. All short time-scale phenomena affecting the star 
formation rate (such as spiral density waves and tidal 
interactions with companions) have been incorporated 
only in an approximate and average sense. 
4. Because of an inadequate knowledge of the 
physics of the interstellar medium (especially the 
physics of star formation) we have been _forced to 
extrapolate solar neighborhood conditions. 
5. The emphasis of current 21-cm observational 
efforts has been toward understanding spiral wave 
structure, i.e., the short time-scale aspects of galactic 
evolution. The long-time evolution of a galaxy repre-
sents a time average of such phenomena. For reason-
ably regular galaxies one would expect an azimuthal 
average to approximate a time average. We have found 
suitable azimuthal averages to be difficult to extract 
from most of the published observational data. 
6. There is only a handful of galaxies for which all 
of the required data from diverse optical and radio 
techniques are available. 
Although these preliminary calculations involve 
simplified models, they are successful at describing 
the qualitative features and statistically dominant 
trends observed in spiral galaxies. A significant result 
is that feedback mechanisms in disk models cause the 
models to be relatively insensitive to the uncertainties 
in the physics which governs the rate of star formation. 
Despite their incompleteness, these models may pro-
vide a component of a richer, more detailed set of 
models for the structure and evolution of galaxies. 
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APPENDIX 
THE INITIAL MASS FUNCTION AND ANALYTIC EXPRESSIONS 
In numerical models a unit mass of material forming 
a generation of stars is distributed among stars of mass 
m (solar units) by an initial mass function (IMF). We 
employ an IMF parametrized as 
tPm = (µ2 - 1)(1 - 11-1) m-u' (Al) 
/L2 - µ1 
where 
µ. = µ1 < 1 for m :;:;; 1 
= µ2 > 1 for m > 1 . (A2) 
For certain purposes it is sufficient to specify only 
the upper portion of the IMF, in which case we may use 
the form adopted in TA 73a: 
tPm = ~(µ. - l)m-u, (A3) 
where it is to be understood that µ = µ 2 > 1 ; ~ is the 
fraction of the mass contained in stars of m > 1. 
We have employed a prescription for the luminosity 
and colors of stars of mass m and age t which is based 
upon the stellar evolution models of lben and Stothers 
-our prescription is essentially identical with that of 
Tinsley (1968, 1972) and hence is not described in 
detail. With these models and the observed luminosity 
function given by Torres-Peimbert et al. (1974) we 
find µ 2 = 1.55 ± 0.46. This stated uncertainty is the 
statistical error (95% confidence); there is an unclear 
error owing to systematic errors in interpretations of 
observations and the stellar models. To fit the observed 
UBV colors of late-type galaxies requires µ 2 ~ 1.35 
(uncertainty is about 0.05). This value is similar to 
what other investigators have found, e.g. Searle, 
Sargent, and Bagnuolo (1973). Note that µ. = 1.35 is 
the Salpeter IMF. 
The form of the IMF below about 1 M 0 is uncertain. 
The luminosity function of van Rhijn gives a mass 
function with a slope µ 1 around 0.6-0.8; however, in 
recent years the work of Weistrop (1972, 1974) and 
others suggests a much steeper slope, at least down to 
about 0.1 M 0 • For our purposes the form of the IMF 
below I M 0 is not important; we only require that 
an IMF give appropriate mass-to-light ratios. 
In much of her work Tinsley (1968, 1972, 1973) has 
used a power-law form for the IMF which has a single 
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power x = µ and the low end of the IMF is truncated 
at a lower mass limit mL. The correspondence between 
our IMF and her IMF is 
In terms of observational quantities, the primary 
influences of the IMF are as follows: the shape of the 
upper portion of the IMF(µ 2) strongly influences the 
mass-to-light ratio and the yield of the heavy elements. 
This is easily expressed by use of analytic approxi-
mations analogous to those of Tinsley (1973). We find 
that the stellar mass to light ratio is 
(AS) 
where the luminosity of a dwarf star is approximated 
by I= m" (a~ 4), m0 is the mass at turnoff from the 
main sequence, and G is the ratio of the light from 
giant stars to that from dwarfs. An expression for the 
total mass-to-light ratio is also easily obtained, but for 
most purposes .A*/ .It' suffices since usually .A -.A*« 
.A. 
The yield of heavy elements is defined in TA 73a in 
terms of an integral over m of a production matrix 
Qm11 weighted by ifim· The quantity Qm11 is the fraction 
(by mass) of element j which is ejected by a star of mass 
m in the form of element i. The form of Qm11 which we 
employ was discussed in TA74, and it was shown to 
give a very satisfactory explanation for the relative 
abundances of most abundant primary heavy elements. 
For that prescription, the yield of all heavy elements is 
found to be well approximated by 
production described by TA74 and (2) that the IMF 
extends with slope µ2 out to 60 M0 • Concerning (1), 
upwards of 50 percent (Paczynski 1971) of massive 
stars are in binary systems, at least half of which are 
close binaries where stellar evolution may occur quite 
differently from single massive stars. Concerning (2), 
the mass function beyond about 20 M0 is uncertain 
since there are very few such stars and the calibrations 
of mass are not well determined. For µ2 = 1.55, 
50 percent of the contribution to p,, comes from 
m > 35 M 0 • For µ2 = 1.30, it is about 60 percent! 
The upshot is that the combined uncertainties in the 
IMF and the nucleosynthesis products of close 
binaries mean that the numerical coefficient in equation 
(A6) may be reduced by a factor of order 2 to 4. 
We have chosen the following prescriptions for this 
paper, and they are kept fixed throughout: 
l-'-1 = 0.6, µ2 = 1.35, and p,, = 1.0 x 10-2 • (A7) 
These values were chosen by the following criteria: 
a) µ2 = 1.35 gives UBV colors which match ob-
served colors of galaxies. 
b) µ1 = 0.6 together with µ2 = 1.35 gives .Af.It'B 
ratios in the range 5-10 M0 and specifically .A/.It'B = 
4.63 M 0 /LB0 for the MESF <I> = 1 model for the solar 
neighborhood. 
c) p,, ~ 10-2 is about that required for a wide 
range of models to give an appropriate level of Z for 
the solar neighborhood. The value of p,, obtained with 
1-'-1 = 0.6, l-'-2 = 1.35, and our conventional integration 
over all masses is about 2.7 x 10- 2• Hence, it is 
possible to reconcile this IMF with heavy-element 
abundances only if one or both of the assumptions in 
the previous paragraph fail. 
The reader may scale the values for .A/.It'B and 
abundances for different IMFs by the use of equations 
We caution, however, that this yield is obtained by (AS) and (A6) to obtain the dependence upon µ1 and 
assuming (1) that all stars undergo the nucleosynthesis µ2 • 
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